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RIEMANNIAN FOLIATION WITH EXOTIC TORI AS LEAVES
F. THOMAS FARRELL AND XIAOLEI WU
Abstract. We construct smooth fiber bundles such that the fibers are exotic tori and the
total space has finite abelian fundamental group. This gives examples of a Riemannian
foliation on a closed manifold whose leaves are exotic tori and whose total space has finite
abelian fundamental group.
1. introduction
Recall that a (singular) Riemaninan foliation is a (singular) foliation on a complete
Riemannian manifold with the property that every geodesic that is perpendicular at one
point to a leaf remains perpendicular to every leaf it meets (see [6, Section 2] for the
precise definitions and examples). And a B-foliation is just a singular Riemaninan foliation
whose leaves are homeomorphic to some Bieberbach manifolds. The following question
was raised by Fernando Galaz-Garcia and Marco Radeschi in [6, Introduction, p.604]
Question 1.1. Does there exist a non-trivial example of a singular Riemanian foliation
whose leaves are exotic tori? Moreover, can one find B-foliations by exotic tori on simply
connected manifolds and, in particular, on spheres?
In this note, we are not able to answer these questions completely, but we do find many
non-trivial examples of Riemanian foliations whose leaves are exotic tori. Our main theo-
rem is as follows.
Theorem 1.2. Let T be an exotic torus of dimension n ≥ 12 and M a smooth simply
connected closed 4-manifold such that H2(M,Z)  Z
n. Then there exists a smooth fiber
bundle
T →֒ E
p
−→ M
such that the total space E has finite abelian fundamental group.
Remark 1.3. We do not know any smooth fiber bundle F →֒ E → M of closed manifolds
such that F is an exotic torus, E and M are smooth simply connected manifolds. Note that
the universal cover of the total space E in our theorem also admits a fiber bundle structure
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whose fiber now is a finite cover of the exotic torus T. However, we do not know whether
the new fiber is still an exotic torus as we do not have much control over the covering.
It is not hard to see that given any smooth fiber bundle of smooth closed manifolds,
we can put Riemannian metrics on its total and base spaces such that the projection map
is a Riemannian submersion (see [8, Chapter 2], or [11, Section 17.9, p.205]). Since any
Riemannian submersion gives rise to a Riemannian foliation [11, Corollary 26.12], we
have the following corollary.
Corollary 1.4. For any m ≥ 16, there exists a closed Riemannian manifold E of dimension
m such that E admits a Riemannian foliation whose leaves are exotic tori and π1(E) has
finite abelian fundamental group.
Remark 1.5. Note that by [13, Section 15A], there is an exotic torus in every dimension
n > 4.
All manifolds in this note are assumed to be closed and smooth.
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2. Some calculations in homotopy groups
In this section, we prove some results on homotopy groups that we will need later in
constructing the bundles. Given a smooth closed manifold M, let Diff(M) denotes the dif-
feomorphism group of M, Top(M) the homeomorphism group of M and G(M) the monoid
of self homotopy equivalences of M. Respectively, let BTop(M), BDiff(M) and BG(M)
be the corresponding classifying space. Moreover, let Top0(M) (resp. Diff0(M)) be the
subgroup of Top(M) (resp. Diff(M)) consisting of all those homeomorphisms (resp. dif-
feomorphisms) of M which are homotopic to the identity map.
The following two results can be found for example in [4, Lecture 5]. For more general
results, see [3, Section 4].
Theorem 2.1. Let T be a smooth manifold which is homeomorphic to the the n-dimensional
torus with n ≥ 10, then for 1 ≤ i ≤ min{ n−7
2
, n−4
3
} we have
πi(Top(T)) ⊗ Q 

Qn i = 1;
0 i ≥ 2.
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πi(Diff(T)) ⊗ Q 

Qn i = 1;
⊕∞
j=1
Hi+1−4 j(T,Q) i ≥ 2 and n is odd;
0 i ≥ 2 and n is even.
Lemma 2.2. Let M be an aspherical manifold and G(M) be the space of homotopy equiv-
alences of M, then
πi(G(M)) 

Out(π1(M)) i = 0;
Center(π1(M)) i = 1;
0 i ≥ 2.
The following theorem might be well-known to the experts, but we did not find it in the
literature.
Theorem 2.3. Let T be a smooth manifold which is homeomorphic to the n-dimensional
torus with n ≥ 12. Then πi(Top0(T)/Diff0(T)) ⊗ Q  {0} for i = 1, 2.
Remark 2.3a. For a nilpotent group G, G ⊗ Q = 0 means that G is a torsion group.
Proof All the ingredients of the proof can be found in [2]. We first need Morlet’s com-
parison theorem (see [1] or [2, Section 2]). Let Top(n) = Top(Rn) and O(n) be the n-th
orthogonal group. Given a smooth manifold M, the tangent bundle of M, regarded as an
Euclidean vector bundle, has an associated (right) principal O(n)-bundle PM → M. Note
thatO(n) acts on the left on the coset space Top(n)/O(n). We can form the balanced product
Bn(M) : PM ×O(n) Top(n)/O(n)
which is a fiber bundle over M with fiber Top(n)/O(n). The space of sections of Bn(M) is
denoted by Γ(Bn(M)). Now Morlet’s comparison theorem says, as long as dim(M) , 4,
there exists a map Top0(M)/Diff0(M) → Γ(Bn(M)) which induces an injective correspon-
dence of connected components and a weak homotopy equivalence on each component.
Now we take M to be the exotic torus T, we have for i ≥ 1
πi(Top0(T)/Diff0(T))  πi(Γ(Bn(T)))
As indicated at the end of [2, Section 4], the fiber Top(n)/O(n) is simply connected and
πi(Top(n)/O(n)) ⊗ Q = 0 for 0 ≤ i ≤ n + 2 as n ≥ 12. Note that here we do not need to
assume n is odd as πi(D
n, ∂) ⊗ Q = 0 for n even in the Igusa stable range [5] (see also [12,
Theorem 4.1]). Now we apply [2, Lemma 3] by taking both fibration as Bn(T), we have
πi(Γ(Bn(T))) ⊗ Q = 0 for 1 ≤ i ≤ 2. Hence we have πi(Top0(T)/Diff0(T)) ⊗ Q  0 for
1 ≤ i ≤ 2.

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Corollary 2.4. Let M be a smooth manifold which is homeomorphic to the the n-dimensional
torus with n ≥ 12. Then the forgetful map f : BDiff(T) → BTop(T) induces a rational iso-
morphism in π2.
Proof By the long exact sequence of homotopy groups associated to the fibration
Top(T)/Diff(T) → BDiff(T) → BTop(T)
we only need to show πi(Top(T)/Diff(T)) ⊗ Q  {0} for i = 1 and 2. This is proved in
Theorem 2.3 since πi(Top(T)/Diff(T))  πi(Top0(T)/Diff0(T)) for i > 0.

Corollary 2.5. Let T be an exotic torus of dimension n ≥ 12 and I : BDiff(T) → BG(T) be
the forgetful map. Then we can find based maps fi ∈ π2(BDiff(T)) for 1 ≤ i ≤ n, such that
I∗( fi) generates a finite index subgroup in π2(BG(T)).
Proof Note first that I is the composition of the following maps:
BDiff(T)
i¯1
−→ BTop(T)
i¯2
−→ BG(T)
Now to calculate the homotopy groups of BTop(T), we do not need the smooth structure
of T. Let T be the standard torus which T is homeomorphic to. Note that π2(BG(T )) 
π1(G(T ))  Z
n, and π2(BTop(T )) ⊗ Q  π1(Top(T )) ⊗ Q  Q
n. Thinking of T as the n-
dimensional flat torus (Rn/Zn), then we can realize the generators of π1(G(T )) as rotation
along each factor R/Z in Rn/Zn. In particular they lies in π1(Top(T )). Let L denote the
corresponding subgroup they generate in π2(BTop(T ))  π1(Top(T )). L is a free abelian
group of rank n.
By Corollary 2.4, we can find maps fi ∈ π2(BDiff(T)) such that i¯1∗( fi) lies in L and
generates a finite index subgroup in L. Hence I( fi) generate a finite index subgroup in
π2(BG(T)).

The following proposition also plays an important role in our construction of the bundle.
Proposition 2.6. Let S 3
g
−→
∨k
i=1 S
2
i
f
−→ X be two maps between spaces, where S 3 is the
3-sphere and S 2
i
are 2-spheres. Suppose π3(X) ⊗ Q  {0} and let di,N be the degree N self-
map of S 2
i
which fixes the common wedge point. Then there exists N such that f ◦ dN ◦ g is
homotopic to the constant map, where dN is the unique map such that dN |S 2
i
= di,N .
Proof Note that in [9, Theorem A], Hilton calculated the homotopy groups for wedges
of spheres. In our case, we have
π3(
k∨
i=1
S 2i )  ⊕
k
i=1π3(S
2
i ) ⊕ (⊕
k(k−1)
2
j=1
π3(S
3))
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where π3(S
3) embeds in π3(
∨k
i=1 S
2
i
) by composing it with S 3 → S 2
i1
∨
S 2
i2
→֒
∨k
i=1 S
2
i
,
1 ≤ i1 < i2 ≤ k. Here the map from S
3 → S 2
i1
∨
S 2
i2
is just the attaching map used in
defining the Whitehead product. Now our map g considered as an element in π3(
∨k
i=1 S
2
i
)
can be written as x+y, where x ∈ ⊕k
i=1
π3(S
2) and y ∈ ⊕
k(k−1)
2
j=1
π3(S
3). By a result of Hopf (see
for example [10, Chapter XI. Exercise A, Problem 4 and 5]), we have dN,i ◦ x = N
2x . On
the other hand, since theWhitehead product is bilinear on its factors, we have dN,i◦y = N
2y.
Therefore, dN ◦ g = N
2g.
Now since π3(X) ⊗ Q  {0}, we also have f ◦ g is of finite order. Let N be the order of
f ◦ g, we have f ◦ dN ◦ g = f ◦ (N
2g) = N2 f ◦ g = 0 ∈ π3(X).

3. Proof of the main theorem
In this section, we prove our main theorem.
Recall that M is a simply connected 4-manifold such that H2(M,Z)  Z
n with n ≥ 12
and T is an exotic torus of dimension n. Note that a smooth bundle over M with fiber the
n-dimensional exotic torus T is determined by a map F : M → BDiff(T) up to homotopy.
We also have the following forgetful maps
Diff(T)
i1
−→ Top(T)
i2
−→ G(T)
This in turn induces maps
BDiff(T)
i¯1
−→ BTop(T)
i¯2
−→ BG(T)
Note that the fundamental group of the total space E is determined by the composition
F˜ = i¯2 ◦ i¯1 ◦ F : M → BG(T). By Corollary 2.5, we can find maps fi ∈ π2(BDiff(T)) such
that i′
2∗
◦ (i′
1∗
)( fi) ∈ π2(BG(T)) ( 1 ≤ i ≤ n) generate a finite index subgroup in π2(BG(T)).
Now we can construct the map F from M to BDiff(T) as follows. Note that since our M
is a simply connected 4-manifold, it has a cell decomposition (up to homotopy equivalence,
see the proof of [7, Theorem1.2.25]) with only one 0-cell, n 2-cells and one 4-cell, i.e. M
is homotopy equivalent to a cell complex.
M =
n∨
i=1
S 2
⊔
S 3
D4
We denote the attaching map S 3 = ∂D4 →
∨n
i=1 S
2 by g. We first define the map F on
∨n
i=1 S
2 using the maps fi ∈ π2(BDiff(T)). We are left to extend the map F to D
4. Since
F |∂D4=S 3 is already defined, the map is extendable if and only if F |∂D4=S 3 represents a
trivial element in π3(BDiff(T)). But π3(BDiff(T))  π2(Diff(T)) which is rationally trivial
by Theorem 2.1. Hence we can apply Proposition 2.6, up to change fi by N fi for some
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suitable N, we can assume F |∂D4=S 3 represents a trivial element in π3(BDiff(T)). Thus we
can extend F to D4 and get a map F from M to BDiff(T).
We are left to show the total space of the bundle we have just constructed has finite
abelian fundamental group. Note that for this, we only need the information of the map
F˜ : M → BG(T). In fact, since we can assume that the diffeomorphism we used here lies
in the identity component of Diff(T), we can assume F˜ : M → BG0(T), where G0(T) is the
identity component of G(T). Now by Lemma 2.2, we have BG0(T) is homotopy equivalent
to K(Zn, 2), hence the maps from M to BG0(T) are classified by H
2(M,Zn). Since our M
is a simply connected 4-manifold, H2(M,Zn) = Hom(H2(M),Z
n). And we know precisely
what this map is by reading off information from F |∨n
i=1 S
2 . Denote the corresponding map
in Hom(H2(M),Z
n) by α, we have the image of α in Zn has finite index.
On the other hand, we have a universal fibration η over BG0(T) with fiber the n-dimensional
torus T and the bundle over M we constructed as a fibration is the same as pullback the
fibration η via F˜. Denote the total space of η by Eη.
Claim. The total space Eη is simply connected.
Assuming the claim, we have the following two long exact sequences of homotopy
groups
. . . π2(M) π1(T) π1(E) π1(M) . . .
. . . π2(BG0(T)) π1(T ) π1(Eη) π1(BG0(T)) . . .
∂
α2∗ α1∗
∂η
Note that the map ∂η on the lower sequence is surjective by the claim. On the other hand
π2(BG0(T))  π1(T )  Z
n, we have ∂η is an isomorphism. The induced α1∗ : π1(T) →
π1(T ) is also an isomorphism. Moreover, we have the map α2∗ : π2(M) → π2(BG0(T)) is
determined by the map α and the image of it in BG0(T) has finite index. Hence, we have
the image of ∂ in π1(T) is a finite index subgroup. Since M is simply connected, we have
π1(E) is a finite abelian group.
Proof of the Claim. Note first that the total space of the universal principal bundle
for the torus T (considered as a Lie group) is contractible with BT = K(Zn, 2). As a T -
fibration, it is classified by a map β : BT → BG0(T ) = BG0(T). Just as before, we have
the following two long exact sequences of homotopy groups.
. . . π2(BT ) π1(T ) π1(∗) π1(BT ) . . .
. . . π2(BG0(T)) π1(T ) π1(Eη) π1(BG0(T)) . . .
∂β
β2∗ β1∗
∂η
Now the map ∂β and β1∗ are isomorphisms, we have the map ∂η is a surjection. In fact
since π2(BG0(T))  π1(T )  Z
n, we have ∂η must be an isomorphism. Now the claim
follows from the fact that π1(BG0(T)) = 0.
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